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INEQUALITIES OF OSTROWSKI’S TYPE FOR m− AND (α,m)−
LOGARITHMICALLY CONVEX FUNCTIONS VIA
RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS
AHMET OCAK AKDEMIR
Abstract. In this paper, we establish some new Ostrowski’s type inequalities
for m− and (α,m)− logarithmically convex functions by using the Riemann-
Liouville fractional integrals.
1. INTRODUCTION
Let f : I ⊂ [0,∞] → R be a differentiable mapping on I◦, the interior of the
interval I, such that f ′ ∈ L [a, b] where a, b ∈ I with a < b. If |f ′ (x)| ≤ M , then
the following inequality holds (see [7]).
(1.1)
∣∣∣∣∣f(x)− 1b− a
∫ b
a
f(u)du
∣∣∣∣∣ ≤ Mb− a
[
(x− a)
2
+ (b− x)
2
2
]
This inequality is well known in the literature as the Ostrowski inequality. For
some results which generalize, improve and extend the inequality (1.1) see ([7, 8,
9, 10, 11, 18]) and the references therein.
Let us recall some known definitions and results which we will use in this paper.
The function f : [a, b]→ R, is said to be convex, if we have
f (tx+ (1− t) y) ≤ tf (x) + (1− t) f (y)
for all x, y ∈ [a, b] and t ∈ [0, 1] . We can define starshaped functions on [0, b] which
satisfy the condition
f (tx) ≤ tf (x)
for t ∈ [0, 1] .
The concept of m−convexity has been introduced by Toader in [5], an interme-
diate between the ordinary convexity and starshaped property, as following:
Definition 1. The function f : [0, b] → R, b > 0, is said to be m−convex, where
m ∈ [0, 1] , if we have
f (tx+m (1− t) y) ≤ tf (x) +m (1− t) f (y)
for all x, y ∈ [0, b] and t ∈ [0, 1] . We say that f is m−concave if −f is m−convex.
In [4], Mihes¸an gave definition of (α,m)−convexity as following;
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Definition 2. The function f : [0, b] → R, b > 0 is said to be (α,m)−convex,
where (α,m) ∈ [0, 1]2, if we have
f(tx+m(1− t)y) ≤ tαf(x) +m(1− tα)f(y)
for all x, y ∈ [0, b] and t ∈ [0, 1].
Denote by Kαm(b) the class of all (α,m)−convex functions on [0, b] for which
f(0) ≤ 0. If we choose (α,m) = (1,m), it can be easily seen that (α,m)−convexity
reduces to m−convexity and for (α,m) = (1, 1), we have ordinary convex functions
on [0, b]. For the recent results based on the above definitions see the papers [2]-[9].
Definition 3. ([1]) A function f : [0, b] → (0,∞) is said to be m−logarithmically
convex if the inequality
(1.2) f (tx+m (1− t) y) ≤ [f (x)]t [f (y)]m(1−t)
holds for all x, y ∈ [0, b], m ∈ (0, 1], and t ∈ [0, 1].
Obviously, if putting m = 1 in Definition 3, then f is just the ordinary logarith-
mically convex function on [0, b].
Definition 4. ([1]) A function f : [0, b]→ (0,∞) is said to be (α,m)−logarithmically
convex if
(1.3) f (tx+m (1− t) y) ≤ [f (x)]t
α
[f (y)]m(1−t
α)
holds for all x, y ∈ [0, b], (α,m) ∈ (0, 1]× (0, 1] , and t ∈ [0, 1].
Clearly, when taking α = 1 in Definition 4, then f becomes the standard m-
logarithmically convex function on [0, b].
We give some necessary definitions and mathematical preliminaries of fractional
calculus theory which are used throughout this paper.
Definition 5. Let f ∈ L1[a, b]. The Riemann-Liouville integrals J
µ
a+
f and Jµ
b−
f of
order µ > 0 with a ≥ 0 are defined by
J
µ
a+
f (x) =
1
Γ(µ)
x∫
a
(x− t)
µ−1
f(t)dt, x > a
and
J
µ
b−
f (x) =
1
Γ(µ)
b∫
x
(t− x)µ−1 f(t)dt, x < b
respectively where Γ(µ) =
∞∫
0
e−tuµ−1du. Here is J0
a+
f(x) = J0
b−
f(x) = f(x).
In the case of µ = 1, the fractional integral reduces to the classical integral. For
some recent results connected with fractional integral inequalities see [11]-[18].
The aim of this study is to establish some Ostrowski type inequalities for the class
of functions whose derivatives in absolute value are m− and (α,m)− geometrically
convex functions via Riemann-Liouville fractional integral.
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2. THE NEW RESULTS
In order to prove our results, we need the following lemma that has been obtained
in [11]:
Lemma 1. ([11]) Let f : [a, b]→ R be a differentiable mapping on (a, b) with a < b.
If f ′ ∈ L [a, b] , then for all x ∈ [a, b] and µ > 0 we have:
(x− a)
µ
+ (b− x)
µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
J
µ
x−
f (a) + Jµ
x+
f (b)
]
=
(x− a)
µ+1
b− a
∫ 1
0
tµf ′ (tx+ (1− t) a) dt+
(b− x)
µ+1
b− a
∫ 1
0
tµf ′ (tx+ (1− t) b) dt
where Γ(µ) =
∞∫
0
e−tuµ−1du.
Theorem 1. Let f : [0,∞)→ (0,∞) be differentiable mapping with a, b ∈ [0,∞)
such that a < b. If |f ′ (x)| is (α,m)−logarithmically convex function with |f ′ (x)| ≤
M, f ′ ∈ L [a, b] , (α,m) ∈ (0, 1]× (0, 1] and µ > 0, then the following inequality for
fractional integrals holds:∣∣∣∣ (x− a)
µ
+ (b− x)
µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
J
µ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
[
1
2µ+ 1
+K1(α,m, t)
][
(x− a)
µ+1
+ (b− x)
µ+1
2 (b− a)
]
(2.1)
where
K1(α,m, t) =


M2m(M2α−2αm−1)
(2α−2αm) lnM ,M < 1
1 ,M = 1
.
Proof. By Lemma 1 and since |f ′| is (α,m)−logarithmically convex, we can write∣∣∣∣ (x− a)
µ + (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
J
µ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
(x− a)
µ+1
b− a
∫ 1
0
tµ |f ′ (tx+ (1− t) a)| dt+
(b− x)
µ+1
b− a
∫ 1
0
tµ |f ′ (tx+ (1− t) b)| dt
≤
(x− a)
µ+1
b− a
∫ 1
0
tµ |f ′ (x)|
tα
∣∣∣f ′ ( a
m
)∣∣∣m(1−tα) dt+ (b− x)µ+1
b− a
∫ 1
0
tµ |f ′ (x)|
tα
∣∣∣∣f ′
(
b
m
)∣∣∣∣
m(1−tα)
dt
≤
(x− a)
µ+1
b− a
∫ 1
0
tµMm+t
α(1−m)dt+
(b− x)
µ+1
b− a
∫ 1
0
tµMm+t
α(1−m)dt.
By using the elemantery inequality cd ≤ c
2+d2
2 , we have
(2.2)∣∣∣∣ (x− a)
µ + (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
J
µ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
(x− a)
µ+1
b− a
∫ 1
0
t2µ +M2(m+t
α(1−m))
2
dt+
(b − x)
µ+1
b− a
∫ 1
0
t2µ +M2(m+t
α(1−m))
2
dt
=
[
1
2µ+ 1
+
∫ 1
0
M2(m+t
α(1−m))dt
][
(x− a)
µ+1
+ (b− x)
µ+1
2 (b− a)
]
.
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If we choose M = 1, then ∫ 1
0
M2(m+t
α(1−m))dt = 1.
If M < 1, then M2(m+t
α(1−m)) ≤M2(m+αt(1−m)), thus∫ 1
0
M2(m+αt(1−m))dt =
M2m
(
M2α−2αm − 1
)
(2α− 2αm) lnM
Which completes the proof. 
Corollary 1. Let f : [0,∞)→ (0,∞) be differentiable mapping with a, b ∈ [0,∞)
such that a < b. If |f ′ (x)| is m−logarithmically convex function with |f ′ (x)| ≤
M, f ′ ∈ L [a, b] , m ∈ (0, 1] and µ > 0, then the following inequality for fractional
integrals holds:∣∣∣∣ (x− a)
µ
+ (b− x)
µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
J
µ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
[
1
2µ+ 1
+
M2 −M2m
2 lnM − 2m lnM
] [
(x− a)
µ+1
+ (b− x)
µ+1
2 (b− a)
]
.(2.3)
Proof. If we take α = 1 in (2.1), we get the required result. 
Corollary 2. Let f : [0,∞)→ (0,∞) be differentiable mapping with a, b ∈ [0,∞)
such that a < b. If |f ′ (x)| is logarithmically convex function with |f ′ (x)| ≤M, f ′ ∈
L [a, b] and µ > 0, then the following inequality for fractional integrals holds:∣∣∣∣ (x− a)
µ
+ (b− x)
µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
J
µ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
[
1
2µ+ 1
+M2
] [
(x− a)
µ+1
+ (b− x)
µ+1
2 (b− a)
]
.(2.4)
Proof. If we take α = m = 1 in (2.2), we get the required result. 
Corollary 3. Let f : [0,∞)→ (0,∞) be differentiable mapping with a, b ∈ [0,∞)
such that a < b. If |f ′ (x)| is logarithmically convex function with |f ′ (x)| ≤M and
f ′ ∈ L [a, b] , then the following inequality holds:∣∣∣∣∣f (x)− 1b− a
∫ b
a
f(u)du
∣∣∣∣∣ ≤
[
1
3
+M2
] [
(x− a)2 + (b − x)2
2 (b− a)
]
.
Proof. If we choose µ = 1 in (2.4), we get the required result. 
Theorem 2. Let f : [0,∞) → (0,∞) be differentiable mapping with a, b ∈
[0,∞) such that a < b. If |f ′ (x)|
q
is (α,m)−logarithmically convex function with
|f ′ (x)|
q
≤ M, f ′ ∈ L [a, b] , (α,m) ∈ (0, 1] × (0, 1] and µ > 0, then the following
inequality for fractional integrals holds:
(2.5) ∣∣∣∣ (x− a)
µ + (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
J
µ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
(
q − 1
µ (q − p) + q − 1
) q−1
q
(K2(α,m, t))
1
q
[
(x− a)
µ+1
+ (b − x)
µ+1
(b− a)
]
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where q > 1, 0 ≤ p ≤ q and
K2(α,m, t) =


Mm(Γ(µp+1)−Γ(µp+1,lnMα(m−1)))
(lnMα(m−1))µp+1
,M < 1
1
µp+1 ,M = 1
.
Proof. From Lemma 1 and by using the properties of modulus, we have∣∣∣∣ (x− a)
µ
+ (b− x)
µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
J
µ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
(x− a)
µ+1
b− a
∫ 1
0
tµ |f ′ (tx+ (1− t) a)| dt+
(b− x)
µ+1
b− a
∫ 1
0
tµ |f ′ (tx+ (1− t) b)| dt.
By applying the Ho¨lder inequality for q > 1, 0 ≤ p ≤ q, we get∣∣∣∣ (x− a)
µ
+ (b− x)
µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
J
µ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
(x− a)µ+1
b− a



 1∫
0
tµ(
q−p
q−1 )dt


q−1
q

 1∫
0
tµp |f ′ (tx+ (1− t) a)|
q
dt


1
q
+
(b− x)
µ+1
b− a

 1∫
0
tµ(
q−p
q−1 )dt


q−1
q

 1∫
0
tµp |f ′ (tx+ (1− t) b)|
q
dt


1
q

 .
It is easy to see that
1∫
0
tµ(
q−p
q−1 )dt =
q − 1
µ (q − p) + q − 1
.
Hence, by (α,m)−logarithmically convexity of |f ′|
q
, we have
(2.6)∣∣∣∣ (x− a)
µ
+ (b− x)
µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
J
µ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
(x− a)
µ+1
b− a
(
q − 1
µ (q − p) + q − 1
) q−1
q

 1∫
0
tµp |f ′ (x)|
tα
∣∣∣f ′ ( a
m
)∣∣∣m(1−tα) dt


1
q
+
(b− x)
µ+1
b− a
(
q − 1
µ (q − p) + q − 1
) q−1
q

 1∫
0
tµptµ |f ′ (x)|
tα
∣∣∣∣f ′
(
b
m
)∣∣∣∣
m(1−tα)
dt


1
q
=
(x− a)µ+1
b− a
(
q − 1
µ (q − p) + q − 1
) q−1
q

 1∫
0
tµpMm+t
α(1−m)dt


1
q
+
(b− x)
µ+1
b− a
(
q − 1
µ (q − p) + q − 1
) q−1
q

 1∫
0
tµpMm+t
α(1−m)dt


1
q
.
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If we choose M = 1, then
1∫
0
tµpdt =
1
µp+ 1
.
If M < 1, then Mm+t
α(1−m) ≤Mm+αt(1−m), thus
1∫
0
tµpMm+αt(1−m)dt =
Mm
(
Γ (µp+ 1)− Γ
(
µp+ 1, lnMα(m−1)
))
(
lnMα(m−1)
)µp+1
Which completes the proof. 
Corollary 4. Let f : [0,∞)→ (0,∞) be differentiable mapping with a, b ∈ [0,∞)
such that a < b. If |f ′ (x)|q is m−logarithmically convex function with |f ′ (x)|q ≤
M, f ′ ∈ L [a, b] , m ∈ (0, 1] and µ > 0, then the following inequality for fractional
integrals holds:∣∣∣∣ (x− a)
µ
+ (b− x)
µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
J
µ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
(
q − 1
µ (q − p) + q − 1
) q−1
q
(K2(1,m, t))
1
q
[
(x− a)
µ+1
+ (b− x)
µ+1
(b− a)
]
where q > 1, 0 ≤ p ≤ q and
K2(1,m, t) =


Mm(Γ(µp+1)−Γ(µp+1,lnM(m−1)))
(lnM(m−1))µp+1
,M < 1
1
µp+1 ,M = 1
.
Proof. If we set α = 1 in 2.5, the proof is completed. 
Corollary 5. Let f : [0,∞)→ (0,∞) be differentiable mapping with a, b ∈ [0,∞)
such that a < b. If |f ′ (x)|
q
is logarithmically convex function with |f ′ (x)|
q
≤
M, f ′ ∈ L [a, b] and µ > 0, then the following inequality for fractional integrals
holds: ∣∣∣∣ (x− a)
µ + (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
J
µ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
=
(
q − 1
µ (q − p) + q − 1
) q−1
q
(
1
µp+ 1
) 1
q
[
(x− a)
2
+ (b− x)
2
(b− a)
]
where q > 1, 0 ≤ p ≤ q.
Proof. If we set α = m = 1 in 2.6, the proof is completed. 
Corollary 6. Let f : [0,∞) → (0,∞) be differentiable mapping with a, b ∈
[0,∞) such that a < b. If |f ′ (x)|
q
is (α,m)−logarithmically convex function with
|f ′ (x)|
q
≤M, f ′ ∈ L [a, b] and (α,m) ∈ (0, 1]× (0, 1] , then the following inequality
OSTROWSKI TYPE INEQUALITIES 7
holds: ∣∣∣∣∣f (x)− 1b− a
∫ b
a
f(u)du
∣∣∣∣∣(2.7)
≤
(
q − 1
2q − p− 1
) q−1
q
(K1(α,m, t))
1
q
[
(x− a)
2
+ (b− x)
2
(b− a)
]
where q > 1, 0 ≤ p ≤ q and
K3(α,m, t) =


Mm(Γ(p+1)−Γ(p+1,lnMα(m−1)))
(lnMα(m−1))
p+1 ,M < 1
1
p+1 ,M = 1
.
Proof. If we set µ = 1 in 2.5, the proof is completed. 
Corollary 7. Let f : [0,∞) → (0,∞) be differentiable mapping with a, b ∈
[0,∞) such that a < b. If |f ′ (x)|
q
is (α,m)−logarithmically convex function with
|f ′ (x)|
q
≤M, f ′ ∈ L [a, b] and (α,m) ∈ (0, 1]× (0, 1] , then the following inequality
holds: ∣∣∣∣∣f (x) − 1b− a
∫ b
a
f(u)du
∣∣∣∣∣
≤
(
1
2
) q−1
q
(K1(α,m, t))
1
q
[
(x− a)
2
+ (b− x)
2
(b− a)
]
where q > 1, 0 ≤ p ≤ q and
K4(α,m, t) =


Mm(Γ(2)−Γ(2,lnMα(m−1)))
(lnMα(m−1))
2 ,M < 1
1
2 ,M = 1
.
Proof. If we set p = 1 in 2.7, the proof is completed. 
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